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(a) Input geometry

(b) Rendering of biharmonic diffusion curves (ours)

(c) Rendering of regular diffusion curves

Fig. 1. Biharmonic diffusion curves are smooth vector graphics primitives that prescribe color and normal derivative on each curve boundary point. We
introduce the first Monte Carlo method for the rendering of biharmonic diffusion curves, which requires solving an inverse problem. The input geometry
is shown in (a). Starting with an initial guess of the unknown Dirichlet boundary data of the underlying Laplace problem, we perform a gradient-based
optimization to meet all boundary conditions (b). In comparison, regular diffusion curves cannot enforce Dirichlet and Neumann data at the same time (c).

Stochastic Monte Carlo solvers for partial differential equations (PDEs)
recently gained popularity in computer graphics, finding applications in
geometry processing, rendering, simulation, and visualization. At present,
there exists no Monte Carlo solver for the rendering of biharmonic diffusion
curves, an artist-friendly smooth vector graphics primitive. The fourth-order
biharmonic equation of biharmonic diffusion curves can be split into two
second-order PDEs, namely a Laplace and a Poisson equation. However,
since biharmonic diffusion curves set Dirichlet and inhomogeneous Neu-
mann conditions at the same time, these two second-order PDEs are tightly
coupled and can hence not be solved directly. We propose to treat the ren-
dering of biharmonic diffusion curves as an inverse problem, in which the
Dirichlet data of the Laplace equation is unknown. We formulate a varia-
tional energy optimization, such that the user-defined boundary conditions
are met. Thereby, the necessary gradients are estimated stochastically by
solving two second-order problems with Dirichlet boundary conditions only.
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1 Introduction

In the field of smooth vector graphics [Tian and Giinther 2024],
diffusion curves [Orzan et al. 2008] define an image through a set
of curves along which a color is specified on both sides. These
user-defined colors are diffused into the image domain to produce
a smoothly shaded and resolution-independent image that is often
times more compact than a discrete raster graphic. Formally, the
equilibrium of the diffusion process is found by solving a Laplace
equation, with the curve colors modeled as Dirichlet boundary con-
ditions [Jeschke et al. 2009]. This treats the image generation as a
smooth boundary value interpolation problem. The approach was
inspired by gradient-domain painting [McCann and Pollard 2008]
and numerous follow-up works concentrated on efficient render-
ing [Bang et al. 2023; Bowers et al. 2011; Pang et al. 2011; Prévost
et al. 2015; Sun et al. 2014, 2012] and vectorization [Lu et al. 2019;
Zhao et al. 2017]. Instead of prescribing the color on the boundary
with a Dirichlet boundary condition, one may alternatively pre-
scribe the color gradient on the boundary via a Neumann boundary
condition [Bang et al. 2023; Tian and Giinther 2025]. More generally,
linear combinations of color and color gradient can be imposed
using Robin boundary conditions [Miller et al. 2024b]. However, it
is distinctly not possible to define a color and a color gradient at
the same time, since two boundary conditions over-constrain the
second-order Laplace equation. To overcome this problem bihar-
monic diffusion curves [Boyé et al. 2012; Finch et al. 2011; Ilbery
et al. 2013] replace the Laplace equation with a fourth-order bihar-
monic equation, which allows for finding a smooth image that meets
both boundary constraints. This provides artistic control that is not
available with regular diffusion curves [Orzan et al. 2008].
Recently, Sawhney and Crane [2020] introduced the Walk-on-
Spheres (WoS) method [Muller 1956] to the graphics community,
which solves many commonly-used elliptic PDEs in a grid-free and
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point-wise manner. Their work also discussed the generalization
of the WoS method to biharmonic equations under the assumption
that both the color and its Laplacian are known on the boundary.
In this special case, the biharmonic equation can be split into two
second-order PDEs with well-defined Dirichlet boundary data, al-
lowing them to be solved in a nested manner. In contrast, biharmonic
diffusion curves [Boyé et al. 2012; Ilbery et al. 2013] prescribe the
color and its normal derivative instead. This turns out to be more
complicated to solve, since the common split of the fourth-order bi-
harmonic equation into two second-order PDEs results in a coupled
system, in which one PDE lacks boundary data. Despite extensive
research in mathematics on WoS [Sabelfeld 1991], including solu-
tions for biharmonic equations with prescribed Laplacian on the
boundary [Sabelfeld and Shkarupa 2003], so far, no Monte Carlo
method exists for biharmonic equations when the Laplacian of the
unknown is not already given on the boundary, i.e., there is no
readily-available WoS variant for biharmonic diffusion curves.

In this paper, we develop the first Monte Carlo solver for bihar-
monic diffusion curves [Boyé et al. 2012; Ilbery et al. 2013]. We
split the fourth-order biharmonic equation into two coupled linear
elliptic problems: a Laplace and a Poisson problem. The Poisson
problem is over-constrained on its own, but the additional degree
of freedom is absorbed by the unknown Dirichlet boundary data
of the Laplace problem. Rendering a biharmonic diffusion curve
image thereby becomes an inverse problem, in which the unknown
Dirichlet boundary data of the Laplace problem has to be found
such that the user-defined color and color gradient constraints are
satisfied. We formulate this inverse problem as variational energy
minimization, and accelerate the gradient calculation using reser-
voir sampling [Vitter 1985], mean value caching [Bakbouk and Peers
2023], and path replay [Yilmazer et al. 2024]. Fig. 1 gives a compari-
son with regular diffusion curves. In summary, we contribute:

e a split formulation for biharmonic diffusion curves into two
coupled linear elliptic equations,

e a variational energy minimization for the unknown Dirichlet
boundary data of the Laplace equation,

e a Monte Carlo estimator for the gradients with respect to the
unknown Dirichlet boundary data,

o and lastly, a demonstration of acceleration strategies, includ-
ing reservoir sampling and mean value caching.

2 Related Work

2.1 Poisson Equations

The Poisson equation is a second-order linear elliptic partial differ-
ential equation (PDE) that frequently appears in many branches of
graphics [Esturo et al. 2013; Hou et al. 2018; Yu et al. 2004]. The
unknown in this equation is the function u(x) : Q — R", where
v(x) : Q@ — R" is a given source term. For the remainder of this
paper, we are only interested in Poisson equations with Dirichlet
boundary conditions f(x) : 9Q — R", i.e.

Au(x) = v(x)
u(x) =f(x)

forx € Q, (1)

Dirichlet: for x € 9Q, (2)

ACM Trans. Graph., Vol. 45, No. 4, Article 107. Publication date: July 2026.

where A is the negative-semidefinite Laplace operator. Other types
of boundary conditions include Neumann and Robin boundary con-
ditions [Miller et al. 2024b; Sawhney et al. 2023], which are not
required in our approach. An important special case is the Laplace
equation, for which the source term vanishes, ie., v(x) = 0. In
curve-based smooth vector graphics, the Laplace equation is used
for diffusion curves [Jeschke et al. 2009], which model the image syn-
thesis as smooth boundary value interpolation problem. Note that
Poisson equations can be solved component-wise. To later optimize
over all components at once, we utilize a vector-valued notation.

Boundary Integral Equation. The entry point for Monte Carlo
methods is a formulation in terms of integral equations [Sawhney
and Crane 2020]. For the Poisson equation in (1), a direct bound-
ary integral equation exists [Costabel 1987] for any two subsets of
A, C c Q of the domain Q, cf. Sawhney et al. [2023]:

a(x) u(x) = /M PC (%, 2)u(z) - G (x Z)aau_ng) dz
’ 3)

CX A"
+/ﬂ§ (x,y) v(y) dy,

where a(x) = 1 in the interior (Vx € A) and a(x) = 1/2 on the
boundary (Vx € 9A). Thereby, P¢ = 9G€/dn, is the Poisson
kernel, which is the normal derivative of the scalar-valued Green’s
function G€, wrt. the inward pointing normal n,. Later, we also use
ohu(z) = ‘1’—1(122) to denote the normal derivative. G¢ and PC are
known in closed-form only for few domains, e.g., for the 2D ball.

Special case: 2D Ball. If A, C are equal to a ball B(x) centered at
x with radius R, then Eq. (3) simplifies with A = C = B(x) if u(x)
is evaluated at the interior center point x itself:

u(x) = / P8(x,2) u(z) dz
9B (x) (4)

B
« [, G vy

Further, for a 2D ball, the local Green’s function has a closed-form
expression for any interior point y € 8(x) with r = ||x — y||:

p 1 R
B
y) = —log|—]. 5
6%0x) = o= tog 1 ©)
Similarly, the local Poisson kernel has a radially-symmetric closed-
form solution on the boundary z € 98(x) of the ball:
¢ G2 (x,z) 1
PB(x2) = ——""b = —. 6
(x.2) on, 2nR ©)
Walk-on-Spheres. For a given point x; € Q, the WoS estima-
tor [Muller 1956] numerically integrates Eq. (4) by recursively sam-
pling the source contribution from an interior point yx4+; € B(xx)
inside the largest possible ball B(x,) around x4 and by moving to
the next boundary point x4, € d8(xx) on the ball:

P (%, Xp1) W(xper1) | GB(Xk, Yierr) V(Yia1)
PaB (Xk+1) PB(YkH)

Thereby, x4+ and yx.; are sampled according to the probability dis-
tributions p% (xg41) and p? (y.1), respectively. The value TU(x )

@)

u(xg) :=



is estimated recursively
from either a single or
multiple samples. Eventu-
ally, the recursion stops,
once the next sample
point Xk falls within an
e-shell around the bound-
ary 0Q, where the Dirich-
let boundary condition
of the closest boundary
point X4 is evaluated,
e, U(xge1) = F(Xes1)
The snapping to the boundary is necessary to terminate. The in-
duced bias can be removed in 2D for piecewise linear boundary
geometry using conformal maps [Himmler and Guinther 2025]. Av-
eraging the contributions of multiple such random walks reduces
the noise in the Monte Carlo estimate.

Further Solvers. Sawhney et al. [2022] extended WoS to PDEs with
spatially-varying coefficients, and supported Neumann conditions
without walk reflections [Sawhney et al. 2023], while Miller et al.
[2024b] generalized WoS to Robin boundary conditions. Driven by
experience in Monte Carlo rendering, the visual computing com-
munity has quickly embraced and extended stochastic Monte Carlo
solvers, e.g., with variance reduction using mean value caching [Bak-
bouk and Peers 2023], boundary value caching [Miller et al. 2023],
neural caching [Li et al. 2023], and harmonic caching [Zhou et al.
2025]. Variance was reduced with off-centered walks [Hwang et al.
2015], bi-directional path construction [Qi et al. 2022], utilizing the
continuity of Brownian motion paths [Czekanski et al. 2024], us-
ing conformal maps to semicircle and circle segments [Himmler
and Guinther 2025], path guiding [Huang et al. 2025], and adequate
weighting of off-centered samples [Bao et al. 2025]. Inverse prob-
lems became solvable with differentiable solvers [Miller et al. 2024a;
Yilmazer et al. 2024; Yu et al. 2025, 2024]. Monte Carlo methods have
been employed for flow visualization [Tian and Giinther 2025], and
for fluid simulation in both vorticity [Rioux-Lavoie et al. 2022] and
velocity representation [Sugimoto et al. 2024]. The latter made use
of the Walk-on-Boundary (WoB) method [Sabelfeld 1982; Sabelfeld
and Simonov 1994; Sugimoto et al. 2023], an alternative boundary-
only Monte Carlo approach derived from potential theory. Its dis-
crete counterpart includes the method of fundamental solutions
and boundary element methods, which have likewise seen strong
improvements in recent years [Chen et al. 2024, 2025].

2.2 Biharmonic Equations

Biharmonic diffusion curves [Boyé et al. 2012; Ilbery et al. 2013]
offer even more artistic freedom than diffusion curves. Formally,
they are based on a biharmonic equation, which is a fourth-order
partial differential equation in the unknown field u(x) : @ — R"™:

Atu(x) =0 forx € Q. 8)

While second-order PDEs as in Eq. (1) require one boundary con-
dition per point, a biharmonic equation as in Eq. (8) needs two
independent boundary conditions to form a well-defined bound-
ary value problem [Ilbery et al. 2013]. Typical boundary quantities
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include the value u(x) (Dirichlet), the normal derivative d,u(x)
(Neumann), the Laplacian Au(x) (bending moment), and its normal
derivative d,Au(x) (shear force). Sawhney and Crane [2020] con-
sider the case where the value and the Laplacian are prescribed on
the boundary 9Q with f(x) : 9Q — R" and h(x) : 9Q — R™:

u(x) =f(x), Au(x)=h(x) for x € Q2. 9)

Here, the fourth-order PDE can be split into two second-order
PDEs with fully specified Dirichlet boundary data, allowing both
to be solved with two nested WoS solvers. Biharmonic diffusion
curves [Boyé et al. 2012; Ilbery et al. 2013], on the other hand,
prescribe the value and the normal derivative [Scholz 1978] using
f(x) : 0Q — R" and g(x) : 9Q — R™

u(x) =f(x), dphu(x) =g(x). for x € 9Q. (10)

Unfortunately, it is no longer possible to directly solve this equation
with two nested WoS walks, since the Dirichlet data of the Laplace
problem is no longer given. This is the setting we treat in this paper.
Previously, Finch et al. [2011] imposed a weighted combination of
Laplacian and bi-Laplacian constraints (thin-plate splines) on a regu-
lar grid in a least-squares manner, offering control over color values
and gradients. Boyé et al. [2012] used the finite element method
(FEM) to solve Eq. (8). To obtain C° continuous quadratic patches
they used third-order non-conforming elements [De Veubeke 1974].
Moving curves interactively, however, requires remeshing of the
domain. Ilbery et al. [2013] used a boundary element method (BEM)
instead, in which the image is described as weighted sum of four
orthogonal kernel functions defined per line segment. The kernel
weights are solved with a dense linear system to meet the color
and color gradient constraints. In contrast, our Monte Carlo split
formulation solves only second-order PDEs, requires no mesh in the
domain interior, assembles no global matrices, and uses embarrass-
ingly parallel random walk evaluations. Outside of vector graphics,
biharmonic equations and energy terms have been widely used in
mesh deformation [Jacobson et al. 2011; Liu et al. 2025; Thiery et al.
2024; Weber et al. 2012], where boundary constraints are also im-
posed implicitly as part of a variational minimization. Up until now,
no Monte Carlo approach exists for biharmonic diffusion curves.

3  Monte Carlo Method for Biharmonic Diffusion Curves
3.1 Problem Statement

Unlike regular diffusion curves with Dirichlet or Robin boundaries,
biharmonic diffusion curves prescribe on each boundary point both a
color value (Dirichlet condition) and its normal derivative (Neumann
condition) [Boyé et al. 2012; Ilbery et al. 2013], see Fig. 2. To meet
both constraints exactly, biharmonic diffusion curves enforce higher-
order smoothness in the interior by means of a biharmonic equation.
Formally, the biharmonic equation is a fourth-order PDE in the
unknown field u(x) : Q@ —» R™:

Au(x) =0 forx € Q, (11)
Dirichlet: u(x) =f(x) forx € 9Q, (12)
Neumann: pu(x) = g(x) forx € 9Q, (13)

where biharmonic diffusion curves are treated as part of the domain
boundary 9Q. While the biharmonic equation can be solved with
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(b) Diffusion (c) Robin d) Biharmonic
=33 [2024b] curves

(a) Input
geometry curves

Fig. 2. Regular diffusion curves prescribe only color values along curves.
Robin boundaries (dpu — pu) [2024b] enforce a linear combination of color
and normal derivative, meeting neither exactly. Biharmonic diffusion curves
meet both color and normal derivative precisely, offering more control.

FEM [Boyé et al. 2012] and BEM [Ilbery et al. 2013], we instead
develop a stochastic method. We rewrite the fourth-order PDE in
(11) as two coupled second-order PDEs by introducing the auxiliary

field v(x) = Au(x). This yields a Laplace equation for v(x),
Av(x) =0 forx € Q, (14)
Dirichlet: v(x) = h(x) for x € 9Q, (15)

and a coupled Poisson equation for u(x),
Au(x) = v(x)
Dirichlet: u(x) =f(x)
anu(x) = g(x)

When a source term is given, the boundary conditions in Egs. (17)
and (18) over-constrain the Poisson equation (16), since a second-
order PDE normally requires either a Dirichlet or a Neumann con-
dition, but not both. However, the coupling with Eq. (14) via the
source term in Eq. (16) introduces an additional degree of freedom
through the unknown boundary function h(x) in Eq. (15), which
absorbs this over-constraint. In principle, one could impose a Neu-
mann condition on d,v(x) instead of a Dirichlet condition on v(x),
which we comment on later in the conclusion. Regardless of the
chosen form, the task of our stochastic optimization method is to
find a boundary function h(x) for x € 9Q that determines the un-
known source term v(x) such that the coupled system reproduces
the desired biharmonic solution. In our formulation, the user can
also prescribe the Laplacian via Au = h(x) (for x € 9Q) instead of
the normal derivative via Eq. (18). At those selected places, h(x) is
simply given and not solved for.

forx € Q, (16)
forx e 9Q, (17)

Neumann: forx € 9Q. (18)

3.2 Variational Formulation

The split system in Egs. (14)—(18) shows that the biharmonic prob-
lem becomes fully determined once the boundary function h(x) in
Eq. (15) is specified. For any candidate h, the Laplace equation (14)
produces a unique harmonic field vy, in the interior, and the Poisson
equation (16) produces a unique field uy, satisfying the Dirichlet
condition in Eq. (17). Thus, the pair (up, v) is uniquely determined
by h. Importantly, both problems are second-order elliptic PDEs
with Dirichlet boundary data and can therefore be evaluated using
standard Walk-on-Spheres [Muller 1956].
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Our goal is to determine the particular boundary function h*
for which the induced field up» satisfies not only the prescribed
Dirichlet condition but also the Neumann condition (18). Since the
equations Avy = 0 and Auy, = vy, are enforced exactly by the two
Dirichlet problems, the only remaining constraint that depends on
h is the Neumann boundary condition. This observation allows us
to formulate an energy functional whose minimizer recovers h*.

Functional. We measure the deviation from the prescribed Neu-
mann data using the functional ¥ : {h: 9Q — R"} — R:

b= [ om0 -g@lfase. a9

Since the Dirichlet constraints are satisfied by construction, this
functional is sufficient to characterize the correct solution of the
biharmonic problem. The optimal boundary data h* is defined as

h* = argmin ¥ [h]. (20)
h

Because the biharmonic boundary value problem (11)-(13) has a
unique solution [Ilbery et al. 2013], there exists exactly one boundary
function h* that reproduces it in the split formulation. Because the
functional ¥ is strictly convex in h, this h* is a unique minimizer.

Euler-Lagrange Condition. To characterize the minimizer, we con-
sider a variation h, = h + en with 5 : 9Q — R" and compute the
first variation of ¥

d OF
T = [ 560 neasto. )
A necessary condition for optimality is [Gelfand and Fomin 1963]:
5F
E(x) =0 for all x € 9Q. (22)

3.3 Discretization of Boundary Data

Parameterization. To

enable numerical opti- ¢ .

mization, we represent y A

the unknown boundary & ¢m

function h(x) by a

Vector of M parameters oo ¢ Yo ?
Om-1 Om Oms1 /

= (61,...,0p). For a
general set of possibly
higher-order basis functions {¢m}
9Q, we write

, defined along the boundary

M
he(x) = Z O dm(x)  forx € 9Q. (23)
m=1
For a piecewise linear discretization of h along the boundary, ¢, (x) :
9Q — R is the linear interpolation weight (shown on the right), and
0m € R" is the vector-valued unknown at discrete boundary points.
We write ug := uy,, for the corresponding biharmonic solution.

Energy. Substituting (23) into (19) yields the energy E(6):

E(6) =F[he(x)] = /||8 ue(x) - g[*ds(x).  (29)



Differentiating Eq. (24) with respect to 6, yields the partials:
JoE
- =/ 9, (G0 (x))" - (Gaug(x) — g(x)) dS(x).  (25)
39m Q

Monte Carlo Approximation. To evaluate the boundary integrals
in Eq. (24) and Eq. (25) without discretization, we approximate the
boundary integrals using K3o Monte Carlo samples x; ~ p(x) on 9Q

with corresponding weights w; = m. The energy becomes:
1 Kag )
E(0) ~ 5 > wilanue(x) — g(x)[" (26)

i=1

With total arclength L = /aQ dS(x), the samples x; are uniformly
distributed with the probability p(x;) = 1/L. Differentiating Eq. (26),
the partial with respect to a parameter 6, is estimated as

OE Kao T

ET Z:‘ Wi - 9,,, (dnuo (1)) - (dnue(x:) —g(xi)).  (27)
=

The gradient calculation thereby reduces to evaluating d,ug (x) and

its parameter derivative dg,, (9aug(x;)) at sampled boundary points.

3.4 Normal Derivative Estimation

Several options are available to estimate normal derivatives. For
spatial derivatives in the interior, the mean value theorem can be
used [Sawhney and Crane 2020], which requires a non-zero ball ra-
dius around the evaluation point, making the method ill-conditioned
near the domain boundary. Miller et al. [2023] sampled an offset
point (x+hny) from the boundary, and combined WoS samples from
a sphere around the offset point. Using boundary value caching,
they addressed the amplifying noise of long walks in Neumann
dominated scenes. Miller et al. [2024a] have shown that a backward
finite difference, which was previously used to estimate boundary
solutions for bi-directional walks [Qi et al. 2022], has similar bias
but less variance than the offset-sphere estimator. Yu et al. [2024] de-
veloped an off-centered estimator for normal derivatives at Dirichlet
boundaries, which uses an off-centered antithetic sampling on the
largest possible sphere, placed along the normal direction. Yu et al.
[2025] extended the method to Neumann boundaries and avoided the
hyper-singular kernels of Miller et al. [2023, 2024a] by moving the
derivative off the kernel using integration by parts, improving the
estimation in Neumann dominated scenes and on Neumann bound-
aries. Apart from normal derivatives, other work was concerned
with differentiation with respect to boundary conditions [Miller et al.
2024a; Yilmazer et al. 2024], and with PDE-constrained shape opti-
mization [Henrot and Pierre 2018], considering Reynolds transport
theorem to differentiate with respect to shape parameters [Miller
et al. 2024a].

Finite-Difference. Since we work on scenes with Dirichlet condi-
tions only, we follow Miller et al. [2024a] and estimate the normal
derivative with a backward finite difference using a two-point sten-
cil, which offers first-order accuracy in step size h:

w0 () = 7 (ug(x + hn) = ug (). (28)

The value at x € 9Q is given by the Dirichlet condition, i.e., ug(x) =
f(x). We require h > € such that the other point (x + Any) is outside
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f hg

Fig. 3. Overview of our nested WoS estimators. For a current guess of the
unknown hg, we solve the outer Poisson problem (left) in Egs. (35)-(36),
which requires source samples (shown as star), here for example at y;. There,
a nested WoS solves the inner Laplace problem (right) in Eqgs. (31)-(32). This
strategy is applied to outer walks originating in the domain Q (for rendering)
and close to the boundary (for finite differences during optimization).

of the e-shell. For higher-order stencils, correlated samples could
be used, which is common in gradient domain rendering [Kettunen
et al. 2015]. For differentiating Eq. (28) with respect to the unknown
parameters 6,,, we swap the differentiation order:

dug(x) )

(29)

aHm (3nuo(X)) =0n ( %

Similar to Eq. (28), we evaluate the normal derivative on the right-
hand side of Eq. (29) with a two-point finite-difference stencil:

dug(x) 1 [ dug(x + hny)
oh|l———|~-|——-0]. 30
" ( 30pm ) h ( 30pm (30)
The last term has no contribution, since f(x) is independent of 6,,,

ie., %:1) = 0. In the following, we explain how ug(x) and a“g—,(:)

E]
are estimated numerically with Monte Carlo sampling.

3.5 Differentiable Monte Carlo Evaluation

For given boundary data hg, we evaluate the two Dirichlet problems
with WoS in a nested manner, as shown in Fig. 3. The inner WoS
evaluates a Laplace equation for vy, while the outer WoS evaluates a
Poisson equation for ug. In the following, we describe the estimators
and calculate derivatives with respect to the boundary data hg,
effectively giving explicit formulas for path replay [Yilmazer et al.
2024]. Over the course of the optimization, hg will adjust to also
match the Neumann condition of the Poisson problem.

Differentiation of Laplace Equation. The auxiliary function vg is
defined as solution to a Laplace equation with Dirichlet condition:
Avg(x) =0 forx € Q, (31)

ve(x) = hg(x) forx € 9Q. (32)
We estimate the solution using WoS. Since there is no source term,

expanding the recursive WoS walk from Eq. (7), starting from x,
and terminating after Ny steps, gives the expanded estimator:

Dirichlet:

Ny-1

_ P5 (Xp, X11)
Vo(xo) = H ﬁ-he(xw —ho(xn,).  (33)

=1
If the samples are drawn uniformly with probability p?2 (x¢41) =

ﬁ, then the entire product cancels (=1). Inserting the discretization
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of the unknown hg from Eq. (23) into Eq. (33) and differentiating
with respect to a particular degree of freedom 6,, we get:
Ve (Xo)
O

where I, is the n X n identity matrix, and xy, is the reached end
point on the Dirichlet boundary.

= Lixn - ¢m (XN ), (34)

Differentiation of Poisson Equation. Similarly, we evaluate the
Poisson equation with only its Dirichlet boundary condition:

Aug(x) = Vg (x)
Dirichlet: ug(x) =f(x)

forx € Q, (35)
forx € 9Q, (36)
using Eq. (33) as source term Vg (x).

Expanding the recursive WoS estimate from Eq. (7) with source
terms, we get:

Na-1
~ 1 P Xk, Xper1)
ug(x9) = —a—— fT(xn,)
o0 1,:! P28 (Xg41) N
Ny—1 k—jlpB( ) QB( ) (37)
Xj» Xj+1 ) Xk Yi+1)
+ ; Vo (Yr+1)
P (l:(! PP (xj41) P2 (Yer1) okn
=1
Ny—1 B
=g+, T Gy, (59)

k=0 pB (Yk+1)

We again use a uniform sampling on 8, which is why the product
vanishes. The source samples are importance-sampled proportional
to the Green’s function, i.e., pZ (yi+1) o« G2 (X, Yies1). With Eq. (38),
there is a Dirichlet contribution when reaching the end point xy;,,
and a contribution from each source sample yi,; along the way.
Differentiating with respect to a parameter 6, gives:

9119(Xo) Z G® (Xk, Yi+1) . WG(Y}M).

39
20 pB(ye) o 9

We use Eq. (34) as estimator for w Note that m is implicit, i.e.,
m depends on the boundary that is reached in the Laplace problem.

3.6 Acceleration of Convergence

Reservoir Sampling. Evaluating Eq. (39) requires a summation
over all Ny source samples, which is prohibitively expensive, due to
the nested Monte Carlo walks in the Laplace problem. We employ
reservoir sampling for selecting one sample uniformly from a stream
of unknown length [Vitter 1985]. We consider source events:

ggg (Xt Yr+1)
PB (Yx+1)

Applied to the sequence of source events (W1, y1),..., (Wn,, Vn,)
generated by a WoS walk, the method proceeds as follows:

Yi+1 € B(xx), Wisr = (40)

(1) Initialize a counter k = 0 and an empty reservoir.
(2) Each time a new source event (Wi41, Yk+1) i generated:
(a) Increment k «— k + 1.
(b) With probability 1/k place the source event in the reservoir.
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After the walk, the reservoir contains exactly one of the N, events,
and the probability that the k-th event was stored is Ni“ Lastly, we
incorporate the selection probability in both Eq. (38) and (39), and
insert the chosen reservoir, e.g., (W41, Yk+1), from Eq. (40):

Ug(x0) = f(xn,) + Ny - Wies1 - Vo (Yis1)s (41)
dg(xo) Vo (Y1)

N, W, - DOk 42

20, Nu - Weerr 20, (42)

Vitter [1985] also discussed the selection of multiple source events
from a stream, which we compare with later. We recommend select-
ing one event to retain comparable workload across GPU threads.
Reservoir sampling is needed for good GPU utilization, but comes
at the cost of increased variance, which we address next.

Mean Value Caching. Instead of estimating Vg from only a single
WoS source sample yi.1, we employ mean value caching [Bakbouk
and Peers 2023] to reuse walks in the Laplace problem. Each iteration,
we uniformly distribute new cache samples x, in the domain Q,
estimate Vg (x,) using Eq. (33), and store m and ¢, (xn;) for later
evaluation of the partial in Eq. (34). To evaluate a source sample
Vk+1 in the Poisson problem, we utilize the mean value theorem and
average the contributions of all N, precomputed samples that are
inside the largest ball B(y41),ie., VX, € B(yr+1):

~ 1 ~ ~
Vo) = 1zt [ VoW dyx o D) Volxp). (43)
B(x) Pl eB(x) ——
Eq. (33)
The partials in Eq. (34) are distributed atomically using the stored m
and ¢, (xn,) per visited cache sample x,. With changing boundary
values hg, the cache is recomputed once per iteration.

3.7 Unbiased Multi-Sampled Energy and Gradient

The product of two Monte Carlo estimators introduces a bias in form
of covariance, i.e., E(XY) = E(X)E(Y) + Cov(X,Y). Thus, for an
unbiased estimate of the energy in Eq. (26) and its gradient in Eq. (27),
we compute d,Ug(x;) and dp,, (dnlg(x;)) from the same random
number sequence, while an independent d,ug (x;) is computed from
an uncorrelated random number sequence [Miller et al. 2024a]:

Kaq

BO) = 5 ) wi (G (xi) -~ gxn) (nio (1) ~ g(x).  (44)
i=1

Kaq
e 2w (o) ) —glx). 49

Thus, in practice, the term (8nﬁo(x,-) - g(xi)) is first estimated with
a multi-sample Monte Carlo estimator. Subsequently, the walks
used to evaluate 9y, (a,.ﬁg(xi)) determine the discrete boundary
element m that is hit, and the corresponding partial derivative is
accumulated for that parameter. Accumulating these partials over
multiple iterations before performing a gradient descent step yields
a multi-sample estimator of the energy gradient.

3.8 Gradient-Based Optimization of Boundary Data

The Monte Carlo estimator in Eq. (45) provides an unbiased esti-
mate of the gradient of the discrete energy E(0). We update the
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RAMEN

DoLPHIN

Regular diffusion curves

Biharmonic diffusion curves

Optimization ~5.2 min. + Rendering ~ 3.6 min. Optimization ~ 6.6 min. + Rendering ~ 8.6 min. Optimization~ 10.2 min. + Rendering ~9.2 min.
Fig. 4. Qualitative comparison of regular diffusion curves (top row) and biharmonic diffusion curves (bottom row) rendered at a resolution of 1024 x 1024
pixels with 8,192 walks per pixel, after optimization for 4,096 iterations. The regular diffusion curves were rendered as Laplace problem with our input Dirichlet

data, while the biharmonic diffusion curves were rendered with our inverse Monte Carlo method (bottom row). This figure illustrates the input Dirichlet data

to our method and gives examples of complex color gradients, obtainable with the biharmonic formulation.

parameters 6 using gradient descent with step size a > 0:

oE oE

0D =9 _ o VoE(01)), VeE(0) = il
aVoE(0™), O =38 26,

T
) . (46)
and begin with the initial guess #(®) = 0. The optimization loop is
outlined in Alg. 1. Since the gradient estimator in Eq. (45) is com-
puted from Monte Carlo samples, it naturally introduces stochastic
noise, which is well suited for stochastic gradient methods such as
Adam [Kingma and Ba 2017]. The optimization iteratively improves

Algorithm 1 Optimization Loop for Biharmonic Diffusion Curves

Initialize parameters 6 = (04, ..., 0p)
while not converged do
(x4,n;) < sample boundary point x; ~ p(x)

Ug(x; + hn;) « 0 —0

_ 1
P Koo p(xi) ’ 39

// Estimate normal derivative d,ug
for k = 1to Ky do

Ug (x; + hn;) «— ug(x; + hn;) + %WoS(xi + hn;) »>Eq. (41)
Onlg (i) ~ 7 (g (x; + hny) — £(x;)) > Eq. (28)
// Estimate 0-derivatives
for k = 1to K5 do

(Bug—g(é;hnl) ) — 3WOS(X1' + hn,-) > Eq, (42)

Do (9o (x1)) ~ (225720 — o) > Eqs. (29)-(30)

Gm = Wi - ae,,,(anue<xi>)T - (Gnlg(x:) — g(x1))  »Eq.(45)

a_E +

0m < 30, T9m
// Update gradient
form =1to M do

0 — O _O‘W > Eq. (46)

the boundary function hg until the estimated Neumann mismatch
dnug — g becomes negligible. This yields a numerical approxima-
tion of the optimal boundary data h* defined in Eq. (20). Reference
implementations in C++ for both 1D and 2D cases, as well as our
test scenes, are available on GitHub!.

Convergence. Both E and % are estimated numerically with

Monte Carlo integration. Monte Carlo gradients lead under mild
step size conditions to the unique minimizer of strictly convex func-
tionals if the gradients are unbiased and the variance is bounded.
While noise is helpful in early iterations, it is necessary to lower
the noise in later iterations to ensure convergence. Thus, we fol-
low Miller et al. [2024a] and empirically set both of the sample
counts K. () and K ) in iteration (i) with an annealing scheduler

kP = K%+exp (log ( ) . T)' Thereby, K? is the initial and K! is the

final sample count in 1terati0n I. For all scenes, we set Kﬁ0 = Kg =1,
Ké =4, and Ké = 16, which was sufficient in practice.

4 Results

Qualitative Results. We begin with a side-by-side view of Monte
Carlo renderings of regular diffusion curves and biharmonic diffu-
sion curves in Fig. 4. The top row illustrates the Dirichlet data f that
is given as input to our method, and the bottom row gives examples
of complex color gradients obtained with the biharmonic formula-
tion. Close-ups highlight selected non-linear color gradients. In this
figure, as well as in all other results shown throughout the paper,
the images were rendered at a resolution of 1024 X 1024 pixels.

! Available at https://github.com/Paul-Hi/biharmonic-monte-carlo.
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Fig. 5. To confirm correctness, we reconstruct the analytic biharmonic smoothstep function. The Laplace problem (left) receives Dirichlet data only and
incorrectly reconstructs a straight line. With Dirichlet and Laplace given, the biharmonic solution (middle) can be estimated exactly with a nested Walk-on-
Spheres [Sawhney and Crane 2020]. If Dirichlet and normal derivative are given instead (right), our inverse Monte Carlo method is needed, which reconstructs
the analytic ground truth (shown as black curve) exactly. Here estimated with 8,192 samples for the harmonic solution (left) and 16,384 samples for the
biharmonic solutions (middle and right). The vertical color gradients depict the reconstructed intensity profile, which is identical for the biharmonic solutions.

Initialization h(x) =0
SSIM: 0.247

ALIP: 0.548

Converged result h(x) — h*(x)
SSIM: 0.997

qLIP: 0.038

Fig. 6. First, we construct a ground truth, setting f and h* on all curve boundaries. Here, we set h* = 4. Having estimated the normal derivative g := dyu
numerically, we check whether our optimization, given only f and g, can restore the Laplacian h*. Here, the resulting image and the ALIP image are shown.

Correctness. To confirm correctness, we reconstruct an analytic
biharmonic function from Dirichlet and Neumann boundary data.
A simple one-dimensional biharmonic function is the smoothstep
function f(x) = 3x?—2x>. We consider it in the 2D domain [0, 1]% as
f(x,y) := f(x), which results in a smooth color gradient. A section
of the color gradient is visualized in Fig. 5 along with an inten-
sity plot. The Laplace equation (left) interpolates only the Dirichlet
boundary data, resulting in an incorrect straight profile aty = 1/2.If
we directly solve the nested Walk-on-Spheres (middle) with Dirich-
let f and Laplace Af data given on the boundary, similar to Sawhney
and Crane [2020], we can recover the cubic interpolant perfectly. For
biharmonic diffusion curves (right), we are interested in problems
with Dirichlet data f and Neumann data g instead, which our inverse
Monte Carlo method reconstructs perfectly, as well, showing that
we are able to reconstruct the analytic ground truth. In Fig. 6, we
test convergence on a scene with double-sided interior boundaries,
for which we first construct a ground truth by providing Dirichlet
data f and a known Laplace h* on all boundaries Q. In this bound-
ary condition setting, the nested Walk-on-Spheres [Sawhney and
Crane 2020] is applicable, from which we numerically estimate the
normal derivative g := d,u. When phrasing the problem inversely,
i.e., when imposing the Dirichlet f and the estimated Neumann data

ACM Trans. Graph., Vol. 45, No. 4, Article 107. Publication date: July 2026.

g, we expect to reconstruct the same image using our inverse Monte
Carlo solver. We report the perceptual error metrics structural sim-
ilarity index measure (SSIM, T) and ALIP (|), which indicate good
convergence, here shown after 6 min (4,224 iterations).

Runtime Measurements. We measured the runtime of our CUDA
GPU implementation on a workstation equipped with an AMD
Ryzen 9 7950X CPU and an NVIDIA RTX 5090 GPU. Fig. 7 shows that
the runtime per iteration scales nearly linearly when increasing the
number of boundary samples Kjq, reservoir bins, and the number
of samples for the two uncorrelated estimators for u and u. All
measurements have been averaged over 128 runs. As expected, the
trend is linear with and without mean value caching, where the exact
slope depends on the cache size. Because of the linearly increasing
computational cost, we recommend a reservoir size of 1, i.e., only
one source sample is selected each iteration. This lower number of
source samples is compensated by mean value caching.

Convergence. We plot convergence sequences for RAMEN and
ZEPHYR in Fig. 8, reporting a convergence plot of the estimated
energy E(6) in Eq. (44) on the left, as well as result images and ILIP
images after a fixed number of iterations on the right. The initial
frame starts with hg = 0, showing the largest differences in areas
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Fig. 7. The runtime increases nearly linearly when increasing the number of boundary samples (Kyq), reservoir bins, u samples (Kg), and U samples (Kg).
The trend is visible both with (orange) and without (green) mean value caching enabled. The slope depends on the cache size. Averaged over 128 runs.
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Fig. 8. We show the convergence on complex vector graphics scenes by plotting the change in energy E over 3,750 iterations and measuring the visual deviation
from a fully converged optimization result. We employ the perceptual error metrics structural similarity index measure (SSIM, T) and ALIP (]). The ALIP error
map is shown below each image, and the mean ALIP error is reported in the corner. The converged reference was optimized with over 4,000 iterations. Despite
the inevitable noise in the stochastic estimation of the energy E, a convergence trend is clearly visible. Likewise, the image sequence and the perceptual error
map follow this trend, yielding a better approximation of the reference solution with increasing iteration count.

where the Neumann data g has largest influence. Apparent in both
the perceptual metrics SSIM and ILIP, as well as in the ILIP image
itself, the error decreases during the stochastic gradient descent.

Equal-Time Comparison. To assess the utility of mean value
caching in our implementation, we ran the optimization in Fig. 9
without (top) and with (bottom) mean value caching and report
results for the RAMEN scene after equal time of optimization. The
energy residual (left) decays slightly faster with mean value caching,
with the speed-up depending on the sparseness of the scene. Vi-
sually, the difference in the resulting images is more pronounced,

which is visible in the TLIP images, and in the SSIM and FILIP met-
ric. Notably mean value caching helps most in regions far from
boundary geometry, due to the larger cache query radius.

Wall Clock Time and Early Results. To obtain a ground truth for
the comparisons in Figs. 1, 10 (top), and 4, we optimized with 4,096
iterations and rendered with 8,192 walks per pixel, which took in
minutes (optimization/rendering): ZEPHYR (% 6.9/~ 5.4), RAMEN
(= 5.2/~ 3.6), SUNSET (=~ 6.6/~ 8.6), and DOLPHIN (% 10.2/~ 9.2).
Our gradient-based optimization for solving a fourth-order PDE
requires approximately twice as many walks per pixel to reach
the noise level of regular diffusion curves without source term. In
fact, the regular diffusion curve results, rendered with 4,096 walks
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Fig. 9. Equal-time comparison of our method without (top) and with (bottom) mean value caching (MVC). The energy estimate E (left) reduces slightly faster
with MVC during the stochastic gradient descent and the overall convergence behaves smoother. The LIP error image and the perceptual error metrics
indicate faster and more robust convergence with MVC. Due to the stochastic nature of the descent, structures (such as in the bottom right) may appear

briefly, but vanishes after sufficient time.
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Fig. 10. Comparison of fully converged solutions (top) with early results,
optimized for 5 seconds and rendered for 5 seconds (bottom).

per pixel, took ~ 2.3 (ZEPHYR), ~ 1.5 (RAMEN), ~ 3.6 (SUNSET), and
~ 4 (DoLPHIN) minutes, respectively. In practice, a significantly
smaller amount of iterations/walks is needed. In Fig. 10 (bottom),
we present early results after just 10 seconds for all scenes (5 seconds
optimized, 5 seconds rendered), demonstrating high quality after a
short time.

Tree Walking. Sawhney and Crane [2020] proposed nested walks
for solving biharmonic equations with Dirichlet and Laplacian
boundary data. Their tree walking method can be integrated into
our approach in place of using reservoir sampling and mean value
caching. Rather than sampling the inner walk from the reservoir,
each source sample y.; is connected to the next point on the outer
walk xz.;. Weighting the endpoint of the outer walk Xy by the
P2 (Yiesr Xies1)'ho G )

98 (xpe41)
estimates the result of the walk. Fig. 11 (top) compares both strate-
gies after equal time. While tree walking converges faster in regions
with small area and uniform boundary data, our approach is ad-
vantageous in large areas away from boundaries. Due to the corre-
lated paths, tree walking exhibits higher variance, which negatively
impacts the convergence of the gradient-based solver, see Fig. 11

off-centered Poisson kernel Vg (yr4+1) = directly
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Fig. 11. Equal-time comparison of tree walking [Sawhney and Crane 2020]
(left) and our method (right). Top: rendering result after one second. Bottom:
result after 10 seconds of optimization and 5 seconds of rendering.

(bottom). In contrast, our approach becomes more stable due to the
reduced variance, which benefits fast previews as well.

5 Conclusion

Biharmonic diffusion curves offer direct control over colors and
color gradients along curve boundaries, which requires higher-order
smoothness in the interior in form of a biharmonic equation. Enforc-
ing Dirichlet conditions (for color) and Neumann conditions (for
color gradient) is theoretically sufficient for a unique solution [Ilbery
et al. 2013], however, solving for the function u(x) is difficult, since
in the split formulation the Poisson equation is over-constrained,
while the coupled Laplace equation has unknown boundary data.
Thus, the rendering becomes an inverse problem, in which the un-
known boundary data has to be recovered. To this end, we developed
a variational energy minimization that utilizes Walk-on-Spheres as
it allows for point-wise estimation of normal derivatives along the



boundary. Our work is at the intersection of recent and advanced
topics in Monte Carlo PDEs, including normal derivative estimation,
inverse rendering via path replay, as well as reservoir sampling and
mean value caching for acceleration and variance reduction.

Our method requires a discretization of the unknown boundary
data h. We discretized the boundary geometry into piecewise-linear
segments and found this discretization to be sufficient for our scenes.
Future work could investigate adaptive representations and higher-
order basis functions. Biharmonic diffusion curves set Dirichlet
constraints on u and Neumann constraints on du,. We absorbed the
latter via a Dirichlet constraint in the inner Laplace problem of the
split formulation, which led to pure Dirichlet problems. Constrain-
ing the Laplace Au instead of duy, is trivial, as it is equivalent to a
Dirichlet constraint. However, when combining u with dAuy, or du,
with Au or dAuy,, or when absorbing the du,, constraint through a
Neumann condition in the Laplace problem, the problem is no longer
pure Dirichlet and would likely benefit from a Walk-on-Stars [Sawh-
ney et al. 2023; Yu et al. 2025]. We used a two-point stencil for
the finite-difference estimation of normal derivatives. In the future,
we would like to experiment with the off-centered estimator of Yu
et al. [2024]. Alternatively, higher-order finite-difference stencils
could be used. Here, the walks of the additional stencil points could
be correlated, similar to the gradient estimators used in gradient
domain rendering [Kettunen et al. 2015]. Reconnecting correlated
paths through suitable shift mappings, for example where one sam-
ple is seen as an off-centered sample of the other [Bao et al. 2025;
Himmler and Guinther 2025], could be an interesting step for the
future to ensure that paths end on the same boundary segment. To
eliminate the inherent bias that is introduced by finite differences,
debiasing could be used [Misso et al. 2022]. Incorporating recent
strategies for variance reduction, such as harmonic caching [Zhou
et al. 2025], could further improve stability and convergence.
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